In this paper molecular hydrodynamics is used to calculate the dynamic friction on the intramolecular vibrational coordinate of a homonuclear diatomic molecule dissolved in a simple liquid. The predicted dynamic friction is then compared to recent computer experiments. Agreement with the experimental dynamic function is obtained when the linearized hydrodynamics is modified to include Gaussian viscoelasticity and compressibility. The hydrodynamic friction on the bond appears to agree qualitatively very well, although quantitative agreement is not found at high frequencies. Various limits of the hydrodynamic friction are discussed.
I. INTRODUCTION
The generalized Langevin equation 1, 2 ͑GLE͒ is frequently used to calculate rate constants and vibrational relaxation times. In this formalism, the solvent degrees of freedom are eliminated from the nonequilibrium thermodynamic description with the help of the Mori-Zwanzig projection operator technique 3 to find a set of stochastic integrodifferential equations for dynamical state of the solute. For example, the GLE for the displacement of of a particle of mass m along the x direction is mẍ ϭϪ ‫ץ‬⌽͑x͒ ‫ץ‬x
where F(t) is the random force, (t) is the dynamic friction, k B is the Boltzmann's constant, T is the absolute temperature, and ⌽(x) is the potential surface on which the vibrational displacement moves. The random force has the following properties:
͗F͑t͒͘ϭ0, ͑2͒ ͗F͑0͒F͑t͒͘ϭk B T͑t͒.
͑3͒
Equation ͑3͒ is the second fluctuation-dissipation theorem which gives an explicit connection between the dynamic friction and the autocorrelation function of the random force. The GLE has been rigorously derived only for the case when the bath is assumed to be a collection of harmonic oscillators and the system-bath coupling is linear in the bath coordinates. Recent work has generalized this harmonic bath model to space and time dependent friction. In such cases, further appropriate generalizations of the GLE are required and, at present, this remains an open problem. In order to use the GLE, one must know the dynamic friction as a function of time. Unfortunately, in most problems of physical interest, (t) is not known although it is possible to determine it from molecular dynamics simulations as has been done for the friction on a single bond of simple molecules ͑e.g., the covalent bond of a diatomic molecule and the C-Cl stretch in CH 3 Cl͒. In this paper we calculate the dynamic friction coefficient on such a bond from the equations of linearized hydrodynamics with appropriate boundary conditions. 4 In the hydrodynamic model, the exact many-body dynamics of the solute-solvent system is replaced by a single mole interacting with a continuum fluid described by the Navier-Stokes equations of fluid mechanics. The interaction of the single molecule with the rest of the system is contained in a set of physically realizable boundary conditions on the surface of the body. The detailed description of the fluid mechanical system is determined by the context of the problem.
The earliest application of hydrodynamics to explain molecular relaxation phenomena is the Stokes-Einstein theory of the translational diffusion coefficient in a fluid. Einstein showed that the diffusion coefficient of a spherical body of radius R in a fluid with viscosity is given by
Dϭ k B T , ͑4͒
where is the translational friction coefficient. Stokes calculated the drag force on a sphere moving with constant velocity in an incompressible fluid by solving the linearized Navier-Stokes equation and found, for stick boundary conditions,
ϭ6R ͑5͒
and for slip boundary conditions,
ϭ4R. ͑6͒
The Stokes-Einstein approximation for the diffusion coefficient is a very good approximation if the mass of the sphere is much larger than those of the molecules comprising the fluid medium, so that the motion of the sphere is supposedly steady. When the mass of the sphere is comparable to that of the surrounding molecules, the motion of the sphere is inherently unsteady, and it seems quite natural to generalize the friction to be time dependent. The first attempt to include the effect of unsteady motion was done by Boussinesq who generalized the Stokes calculation by deriving the drag force on a spherical particle executing harmonic oscillation in a vis-cous incompressible fluid. The velocity correlation function ͑VCF͒ corresponding to a frequency dependent friction coefficient
based on the Boussinesq frequency dependent friction, was seen not to agree with Rahman's molecular dynamic experiments. 5 It was realized that on the time scale for molecular translational motion, the fluid behaves viscoelastically and the effects of compressibility are important. Zwanzig and Bixon 4 modified the hydrodynamic equations in order to incorporate unsteady motion of the molecular system. They demonstrated that simple hydrodynamic models can successfully describe the full time dependence of the velocity correlation function. Zwanzig and Bixon ͑ZB͒ calculated the frequency dependent friction by solving the linearized hydrodynamic equations for a spherical particle executing nonuniform translational motion in a compressible viscoelastic fluid with general stick-slip boundary conditions. While not in quantitative agreement, this model reproduces the qualitative features of the VCF in a Lennard-Jones fluid. 5 In addition, ZB obtained the asymptotic long time tail in the VCF of an atom in a simple fluid as a natural consequence of the hydrodynamic theory, in agreement with that observed by Alder and Wainwright. 6 Ernst et al. 7 have shown that the longest lived t Ϫ3/2 term in the VCF of an atom in a simple fluid is independent of fluid structure and depends only on the hydrodynamic properties of the fluid. It was shown later by Levesque et al. 8 that the agreement of the ZwanzigBixon theory with the computer results is improved if the frequency dependent shear viscosity determined from molecular dynamics simulations by calculating the transverse current fluctuation is used instead of assuming a simple Maxwellian model.
It is more difficult to calculate the friction coefficient for a molecular bond than for the translational motion of an atom, 4 and whole body rotations of rigid molecules with simple 9,10 and more complex shapes. 11 Berne and Harp have proposed a method of calculating the dynamic friction on single spheres using molecular dynamics method. 12 Recently, more extensive molecular dynamic ͑MD͒ calculations for the friction on the bond have been done. [13] [14] [15] For example, if we consider a homonuclear diatomic molecule of reduced mass , the GLE for the intramolecular degree of freedom x can be written as
where W(x) is the potential of mean force and x (t) is the dynamic friction on the bond.
Here 11 is the friction on atom a 1 when atom a 1 is moving and atom a 2 is at rest, and 12 is the friction on atom a 1 when atom a 2 is in motion and atom a 1 is at rest. In the free draining model of bond friction, the cross terms are omitted.
This approximation should be valid only when the two atoms are well separated. In this free draining limit, the friction on the bond x is half the friction on the single atom. The free-draining limit has been used to model friction on internal bonds. ͑i͒ The linear hydrodynamic theory was applied to the vibrational relaxation ͑dephasing and population relaxation͒ by Metiu et al. 16 They model the diatomic as a spherocylinder vibrating along the cylinder axis. They do not calculate the velocity field set up by the oscillating sphero-cylinder but instead argue that since there is no fluid in between the two hemispherical extremities, the friction experienced by each hemispherical cap ͑and thus, the friction on the bond͒ is half that of the friction experienced by an oscillating sphere in unbounded fluid. This is true only when the bondlength is very large and the cross terms are negligible. This free draining limit ignores the detailed effect of the molecular structure on the friction. Metiu et al. also considered a breathing sphere model, but the quantitative conclusions derived from this model are the same.
͑ii͒ Smith and Harris 17, 18 have used molecular dynamics simulations to calculate the total force autocorrelation function for a single atom and relate this to the friction coefficient by using the second fluctuation dissipation theorem. They then take the friction on the bond to be half the value calculated for that of the single atom; that is, they invoke the free draining limit even when the two atoms are close to each other ͑small bond lengths͒. They also use an autoregressive procedure to model the dynamic friction for single atom.
In this paper we extend the linear hydrodynamic theory to the calculation of dynamic friction on the intramolecular vibrational degree of freedom of a diatomic molecule. We report a calculation of the dynamic friction on the bond of a homonuclear diatomic molecule. We do not invoke the freedraining approximation.
Our calculations are based on the full effect due to the motion of the total body in the fluid continuum. When the bond length is small, the molecule is modeled as an almost spherical axisymmetric quadrupole ͑deformed sphere model͒. For large bondlengths, the molecule is modeled as two spheres oscillating along the axis of symmetry ͑analo-gous to two dipoles radiating in a dispersive medium͒, hereafter called the two sphere model. In the hydrodynamic theory, the local interactions between the atoms are averaged by a set of boundary conditions on the surface of the atom and, as a consequence, one finds an unphysical cusp in the graph of the VCF at short times, rather than a smooth parabolic behavior. We observe that the deformed sphere model does not show a long-time tail in the VCF, whereas that of the two sphere model does. In molecular dynamic experiments, the forces vary continuously in space and time. The friction coefficient calculated thus differs from the hydrodynamic friction coefficients since, in these theories, the forces are essentially impulsive. 19 Following Madden, we subtract the contribution due to impulsive collisions at high frequencies from the hydrodynamic friction for comparison to MD results. The simple Maxwellian approximation of the viscoelastic model used in the earlier hydrodynamic theories does not suffice to produce the correct frequency dependence of the friction and the power spectrum when compared to the MD results. We use Gaussian models with single relaxation times for the bulk viscosity and with two relaxation times for the shear viscosity. These results are compared to some of the molecular dynamic calculations done recently on a simple liquid system [13] [14] [15] and the agreement is been found to be good.
II. HYDRODYNAMIC MODEL
The motion in an infinite fluid medium is governed by the basic classical laws of conservation: the continuity equation ͑the conservation of mass͒, the force equation ͑the conservation of momentum͒, and the heat-exchange equation ͑the conservation of energy͒. Since it is assumed that the velocity, density, and pressure changes induced by a moving atom in the fluid are small, these equations may be linearized with respect to them. The velocity of the particle is an arbitrary function U(t) of time. This can be Fourier analyzed into frequency components U ,
as can be the frictional force F(t):
Because of the linearity of the equations and the boundary conditions involved, we may solve the differential equations with the boundary conditions for each Fourier component individually. The compressibility condition ͑finite speed of sound propagation͒ requires that the divergence of the velocity vector be nonzero. The viscoelastic behavior of the fluid is accounted for by using complex frequency-dependent viscosity coefficients. For example, one can adopt Maxwell's form for the longitudinal and shear viscosities
where l0 and s0 are the corresponding zero-frequency viscosities and l and s are the corresponding viscoelastic relaxation times. It should be noted that, at the frequencies of interest here, the fluid is expected to behave isothermally, so that the temperature gradient is neglected and the gradient of the pressure is
where C is the isothermal speed of sound in the fluid at a given temperature and density.
The usual linearized Navier-Stokes equation along with the continuity equation and the velocity of sound relation for isothermal case can be transformed into a single vectorHelmholtz equation, the detailed derivation of which can be found in the paper by Zwanzig and Bixon,
are the speeds of the longitudinal and the transverse waves, respectively, 0 is the equilibrium density, and is the frequency of the Fourier-component of the velocity of the sphere. Alternatively, by Helmholtz's theorem 20 the solution can be written as the sum of the longitudinal velocity v ʈ ͑͒ and the transverse velocity v Ќ ͑͒, having wave numbers k l ͑ϭ/c l ͒ and k t ͑ϭ/c t ͒, respectively, such that,
and
with the conditions
The physical meaning of v ʈ and v Ќ becomes obvious if one takes the spatial Fourier transform: v ʈ is along the k vector and v Ќ is perpendicular to it. 20 The stress tensor is written as
where s is the shear viscosity of the fluid. The boundary conditions on the surface are the kinematic condition,
the general slip condition,
and the radiation condition,
where ␤ slip ͑0р␤ slip Ͻϱ͒ is the coefficient of slip, n and t are the normal and the tangential unit vectors, respectively, and U is the velocity on the surface of the sphere. When ␤ slip ϭ0, the fluid slips perfectly over the boundary and for ␤ slip ϭϱ, it sticks perfectly to the boundary. At the molecular level, the slip boundary condition has been found to be more appropriate.
The hydrodynamic force exerted on the surface of the sphere is obtained by integrating the stress tensor over the surface of the sphere,
Henceforth, in this paper, we shall be working with the Fourier components of the unsteady variables and so, the subscript will be suppressed.
A. Solution of the vector-Helmholtz equation in spherical coordinates
The vector-Helmholtz equation with the boundary conditions ͓͑1.9͒-͑1.11͔͒ defined on the surface of a sphere is separable in spherical coordinates in the sense of Helmholtz's theorem for vector fields, 20 and the general solution in terms of the spherical vector wave functions can be written as
and M nm and N nm are the transverse components
These are written in terms of the solutions of the scalar Helmholtz equation in spherical coordinate system, Y nm h n (kr), with Y nm being the spherical harmonic of order (n,m) and parity , and h n (kr) being the spherical Bessel function of the third kind of order n, also known as spherical Hankel function. Since we will consider problems involving only axisymmetric cases here, m will be zero throughout, and thus parity will then be redundantly even. Moreover, there is no contribution from the torsional component M nm , as we do not expect any component in the solution. The vectors L n ͑L e,n0 ͒ and N n ͑N e,n0 ͒ will then be simplified as
Aforementioned expressions for L and N have singularities at the origin and thus are the representations of the outgoing waves, as required by the radiation boundary condition. The corresponding expressions for the incoming waves involve Bessel functions,
Thus, for the axisymmetric case, the velocity field for the outgoing wave is written as
We find the coefficients A n L and A n L with the help of the boundary conditions ͓Eqs. ͑23͒-͑25͔͒.
B. Flow due to the surface oscillation of a deformed sphere
When the bondlength of the homonuclear diatomic molecule is small, the surface of the diatom can be thought of as an axisymmetric perturbation to a sphere ͑see Fig. 1͒ . Its surface is assumed to vibrate axisymmetrically so that the center of mass is fixed. Let the surface of the perturbed sphere be rϭa͑1ϩ2⑀ cos 2 ͒Ϫx⑀ ͑36͒ in spherical coordinates with its origin at the center of the undeformed sphere of radius a, ⑀͑р1͒ is a dimensionless parameter and x is the bondlength of the diatom. spheroids and x⑀ further distorts this to produce the notch in the diatom. The parameters r and ⑀ are chosen to fit the diatom such that
Rϩxϭa͑1ϩ2⑀ ͒Ϫx⑀ and

Rϭmax͑r cos ͒, ͑37͒
where R is the radius of the atoms. The Fourier component of the velocity of the surface is,
which in terms of the Legendre polynomials, can be written as
We consider the solution for the perfect slip case ͓␤ slip ϭ0 in Eq. ͑24͔͒, the perfect slipping boundary condition being more appropriate at the molecular level. Happel and Brenner 21 have described a method for calculating the velocity field for deformed spheres for time-independent flow. They make use of the Taylor series expansion about the undeformed sphere. We extend their method to the time dependent problem here in order to avoid divergences at high frequencies, since the special functions require careful consideration for their asymptotic behavior. The velocity field v is assumed to have an expansion of the form
where each v (n) satisfies the vector-Helmholtz equation 
with f (a,)ϭ͑2 cos 2 Ϫx/a͒. To satisfy the boundary conditions, we expand the v (n) 's about rϭa by use of the translational properties of spherical waves ͑see the Appendix͒. The expansions for L͕Rϭr[1ϩ⑀ f (a,)]͖ and N͕Rϭr[1 ϩ⑀ f (a,)]͖ in terms of L(r) and N(r) are
where
] are functions of the spherical Bessel functions rather than the spherical Hankel functions since ͉⑀ f (a,)͉Ͻ1. Using the product theorem of Bessel functions, 22 we can write
2 . Calculation to zero-order is easily done by using unperturbed vector waves to satisfy the boundary conditions on the unperturbed sphere. For higher order terms, we substitute these expansions in the kinetic boundary condition ͓cf. Eq. ͑23͔͒ and the general boundary condition ͓cf. Eq. ͑24͔͒ with ␤ slip ϭ0 on the surface of the undeformed sphere and then equate terms involving like powers of ⑀ to get the perturbation of the v field.
In order to calculate the friction opposing the motion of the perturbed sphere in the ẑ direction, we note that the differential force exerted on the surface in z direction on a differential area element d⍀ is d d⍀ F-ẑ ϭẑ --nϭ rr cos on rϭa ͑46͒
which implies that the differential drag d/d⍀ exerted on the area element d⍀ having surface velocity U 0 z is
The friction on the surface above the xy plane is found by integrating over the surface ͑rϭa,0рϽ/2,0рϽ2͒
Similarly, on the surface below the xy plane
Since xy plane is the plane of symmetry with respect to the boundary conditions, we must have
We calculate the approximate friction ͑0рр/2͒ only to first order, since the algebra becomes tremendously involved:
from Eq. ͑45͒. To find the relation between the bond friction x ͓c.f. Eq. ͑9͔͒ and ͑0рр/2͒ , we recognize that
is the friction on one of the faces due to the combined motion of both of the faces, one motion opposing the other. Thus, the friction on the bond is
for the deformed sphere model.
C. Flow due to oscillations of two spheres along the line joining them
When the bondlength of a real diatomic molecule is sufficiently large ͑about twice the Lennard-Jones radius͒, it is possible that a solvent atom can enter into the neck. Then the single deformed sphere model does not suffice to describe the diatom and one can think of the molecule as consisting of two spherical atoms, so that fluid is allowed to penetrate the region between the two atoms. The friction experienced by each sphere is not only due to its own motion but also due to the motion of the other sphere close enough to sufficiently affect the total friction experienced by each of them ͓cf. Eq. ͑9͔͒. This cross effect has been ignored in earlier models. 16, 18 We calculate in this section the dynamic friction experienced by each of the spheres when they are oscillating with a phase difference of .
It is not so difficult to obtain an exact solution for the friction for either stick or slip boundary condition when time dependence is ignored since then the biharmonic equation satisfied by the stream function is separable in the bispherical coordinate system. 23 Whereas, for the case of a time dependent problem, the vector-Helmholtz equation is not separable in the bispherical coordinate system. We exploit the linearity of the differential equation and the boundary conditions and utilize the method of superposition of fields about two centers to obtain the approximate solution.
Let a sphere S a of radius R a have its center at origin O and a sphere S b of radius R b have its center at OЈ situated a distance d away on the z axis ͑see Fig. 2͒ . Let a point P͑r,R͒ have coordinates ͑r,,͒ and ͑R,⌰,⌽͒ with respect to origins O and OЈ in spherical coordinate systems.
The solution for the two-center linear-field problem can be written as the linear combination of the fields about different centers
V͑r,R͒ϭv͑r͒ϩvЈ͑R͒, ͑56͒
where the fields v͑r͒ and v͑R͒ can be written as linear combinations of the spherical vector-wave functions about centers O and OЈ. Thus
In order to satisfy the boundary conditions on S a and S b , one needs to expand L n and N n into multipole fields about different centers. We derive their translational properties in the Appendix. The expansions for L and N about OЈ in terms of l and n about O are 
and the corresponding expansions for L and N about O in terms of l and n about OЈ are
With these expansions, we can write the field about center O as
Similarly, about center OЈ, the field is
Since dipole-dipole ͑and induced dipole-dipole͒ interactions dominate, we shall keep only the nϭ1 and mϭ1 term. Then the representation of fields about two centers are
Let us look at the expression for the force experienced by the sphere S a in the z direction,
rr and r depend on as P n ͑cos ͒ and P n 1 ͑cos ͒, respectively. Integration over the range ͑0,͒ is nonzero only when n is equal to one. Furthermore, the expansion of vЈ͑R͒ about the origin O is regular inside S a ͑Bessel functions being regular at rϭ0͒, and thus cannot produce a resultant force on S a . 21 Hence, we only need to know the coefficients A 1 (L) and A 1 (N) for the calculation of the friction on the sphere S a . As most of the contributions comes from the interaction between the dipolar terms ͑nϭ1 and mϭ1 terms͒ of the expansion, we retain only these terms for the calculation of coefficients. Therefore, the expression for the field about O and OЈ becomes
Consider the case when the two spheres have equal radii R a ϭR b ϭR and their Fourier components of the velocities are Uz and ϪUz. Symmetry of the problem about xy plane requires that
We also note that for nϭmϭ1, 
vϭ0. ͑69͒
We calculate the velocity V͑r͒ from the above equations. The friction is calculated from the stress tensor in the integral in Eq. ͑64͒. The value of friction on sphere S a then is
with xϭk t R, h nt ϭh n ͑x͒,
and ⌬ϭ⌬ 1 ϩ⌬ 2 Ϫ⌬ 3 Ϫ⌬ 4 ,
͑72͒
The expression for a ͑͒ can be written as a linear combination of e ik l d and ⑀ ik t d and thus one observes oscillations in the real and the imaginary parts of friction as a function of frequency. As the distance between the spheres increases, the amplitude of the oscillation and the period decrease in magnitude. This behavior is characteristic of the viscoelastic modeling and is absent when the fluid is not viscoelastic. Such oscillations are not found in the molecular dynamics simulations. These oscillations are due to the unphysical nature of the boundary conditions at finite frequencies. Moreover, the hydrodynamic equations describe collective motions of long wavelength. Figure 3 shows the real part of friction as a function of frequency for different sphere separation d, with fixed r with a Gaussian model of viscoelasticity instead of the Maxwell form ͑see comparison with MD results͒.
In the limit of bondlength going to infinity, the terms containing Hankel functions with arguments k l d and k t d go to zero. Thus, we get
which is the result obtained by Zwanzig and Bixon for a single sphere in an unbounded fluid. 16 The dynamic friction a ͑Eq. 70͒ can be related to the bond friction in Eq. ͑9͒ by recognizing that 11 Ϫ 12 ϭ a . ͑75͒
Thus we find, for the two-sphere model. If the two atoms are well separated ͑d→ϱ͒, the cross frictions ͑ 12 ϭ 21 ͒ are almost zero. Then, the friction on the bond is equal to
sp is the friction experienced by single sphere in absence of the other sphere ͓see Eq. ͑73͔͒.
D. Limiting behavior of friction
Low frequency behavior
The relation between the velocity correlation function and the frequency dependent friction 4 is ͗v͑0͒v͑t͒͘ ͗v͑0͒v͑0͒͘
Let us consider the deformed sphere model first. At very low frequencies, the friction on the bond, x ͑͒, is linearly dependent on frequency,
Consequently, from Eq. ͑78͒, ͗v͑0͒v͑t͒͘ ͗v͑0͒v͑0͒͘
we see that, asymptotically, the VCF appears to have no long time tail, in contrast with the behavior reported by Alder and Wainwright 6 on hard spheres. For the two sphere model, at low frequencies, the expression for x ͑͒ for the perfect slip case ͑␤ slip ϭ0͒ turns out to be
Thus, in this case, the VCF has a t Ϫ3/2 long-time tail:
͗v͑0͒v͑t͒͘ ͗v͑0͒v͑0͒͘
͑83͒
In the limit of bondlength going to infinity, the VCF decays as
as noted by Zwanzig and Bixon for a single sphere case. 4 As we know, the long time tail in the VCF of an unbound particle arises from the convective motion in the fluid set by an unsteadily moving sphere. The fluid elements in front of the sphere move out and to the back so as to enforce the motion of the sphere in its own direction of movement. This is also true when we have two spheres, only now the enforcement gets enhanced by a factor which is dependent on the distance between the spheres. Intuitively, we can think of replacing one of the spheres by a wall in front of the other sphere which pushes the fluid in front of the sphere to the back more efficiently, 
This enhanced factor has been plotted against the ratio R/d in Fig. 4 . The factor is a monotonically increasing function of R/d and is maximum when R/d is maximum ͑touching case͒. In the case of the deformed sphere model, no fluid can penetrate between the two lobes of the diatom. As a consequence, one does not see any enforcing convective behavior and there will be no long time tail.
High frequency behavior
In real molecular fluids with continuous forces
In contrast, in hydrodynamic calculations the high frequency friction is nonzero. For example, in the case of the two sphere model, when →ϱ, the real part of friction on the bond approaches a finite value,
where for the perfect stick case
A similar argument is applicable for the deformed sphere model. At short times in real fluids the local interactions become important and the boundary conditions in the hydrodynamic description do not take these interactions into account. At very short times, if we apply kinetic theory of gases and calculate the pressure exerted by an ideal gas having the speed of sound c av ϭ(c l ϱ ϩ2c t ϱ )/3 and density 0 on a macroscopic sphere of radius R, it is easy to see that this pressure is proportional to the limiting value of the friction calculated in Eq. ͑87͒. However, kinetic theory based on hard sphere interactions also has discontinuities.
III. COMPARISON WITH MOLECULAR DYNAMICS RESULTS
Recently, the dynamic friction on the bond of a diatomic molecule in a heat bath of argon atoms has been calculated using the molecular dynamic method. [13] [14] [15] The frequency dependent friction and the frequency spectrum of the velocity correlation function as functions of bondlength have been reported. In Sec. II, we derived the expression for the dynamic friction on the bond using the equations of linearized hydrodynamics with the more realistic slip boundary condition appropriate at the molecular level for the distortedsphere ͓cf. Eq. 52 with Eq. ͑55͔͒ and two-sphere ͓cf. Eq. ͑70͒ with Eq. ͑76͔͒ models for small and large bondlengths, respectively. We now compare our hydrodynamic results to molecular dynamic simulations of a diatomic molecule dissolved in a simple fluid.
In the earlier hydrodynamic models for calculating the frequency dependent friction coefficient, 4,8 the Maxwell's form of viscoelasticity ͓cf. Eqs. ͑12͒ and ͑13͔͒ has been used. We find that the important structural features at finite frequencies in the atomic friction obtained ͓Eq. ͑76͔͒ are absent ͑see Ref. 13 , Fig. 6͒ if we use the simple Maxwell form of viscoelasticity with four adjustable parameters for the shear and the bulk viscosities s (t) and l (t). Since it is known that the Gaussian forms best describe the qualitative nature of relaxation of the shear and the bulk viscosities in the simple liquids, 8 we anticipated that missing structural features might be recovered if we use a more realistic Gaussian model instead. After trying various combinations of Maxwell and Gaussian forms, we find that the following form with six adjustable parameters seems to be best:
The Laplace transform of these Gaussians involve Fresnel's integral and we do the transform numerically. In the MD experiments, the forces considered are smooth functions of space and time and purely impulsive collisions are not present. In contrast, in the hydrodynamic theory, the forces are impulsive. 19 Thus, to reduce our expressions for the frequency dependent friction to those of the MD simulations at high frequencies, we subtract the impulsive part ͓which is constant and real in the limit of infinite frequency, c.f. Eq. ͑87͔͒ from the total frequency dependence bond ͑ ͒ϭ x ͑ ͒Ϫ x ͑ ϱ ͒. ͑90͒
First we fit our single particle friction ͑d→ϱ in the expression for the friction on the bond from the two sphere model, Eq. 70͒ to the MD results given by Straub et al. 15 Straub's analytic fit to the time dependent single particle friction obtained from MD is numerically fourier transformed to get the real and imaginary parts of frequency dependent friction and the frequency spectrum of the velocity correlation function at reduced densities ϭ1.05 and 1.0 and the reduced temperature T ϭ2.5. We need to adjust the seven parameters ͑the zero frequency values of the Laplace-transformed viscosities and their relaxation parameters, l0 , s0 , l , s1 , s2 , ␣ s and the velocity of sound C͒ required to described the continuum fluid. The radius of the atom is taken to be /2, where is the LJ diameter of an argon atom ͑ϭ0.3504 nm͒. Since a large number of parameters are needed to fit the curves, there is no straightforward way to fit them except by trial and error. However, to begin with, the reasonable guess is the one reported by Metiu et al. 16 The maxima and minima in these curves are fit by varying the relaxation parameters. The velocity of sound affects the fit only in the low frequencies region. We also keep in mind the fact that l0 can be no less than 4 s0 /3, an important requirement which follows from hydrodynamics. Once we have obtained these parameters for best fit for a certain density, they are used to calculate the friction on the bond at that density for both models ͑the distorted sphere model and the two sphere model͒. The values of these parameters at the reduced density ϭ1.05 are found to be l0 ϭ10.6ϫ10 Ϫ3 We show the comparison plots for the real and imaginary parts of the friction on the bond for the case of the free draining limit at ϭ1.05 in Fig. 5 . Figure 6 shows the corresponding frequency spectrum of the velocity correlation function ͓the integrand in Eq. ͑78͔͒. It can be seen that we recover the missing structural features of the frequency dependent friction at finite frequencies for the case of free draining by using the Gaussian form for viscoelasticity. The static friction ͑→0 value͒ for different bondlengths at ϭ1.0 is compared to the results of Straub et al. 14 in Fig. 7 . The maximum in the zero frequency friction occurs at a bondlength of about 1.7 LJ units where the deformed sphere model breaks down. The bondlength is sufficiently large so that atoms can move into the neck of the diatom, then the two sphere model becomes more appropriate. The comparison plot for bondlength xϭ1.25 LJ units for the real part of friction as reported in the paper by Berne et al. 13 is given in Fig. 8 . At this bondlength, the distorted sphere model should be appropriate as can be seen from the static friction plot ͑Fig. 7͒. Qualitative, but not quantitative, agreement is found especially at high frequencies. The molecular dynamic friction is found to decay slower than the hydrodynamic friction. The large disagreement at high frequencies may be attributed to the absence of high frequency modes in the hydrodynamic model which does not include the molecular level interaction in the boundary conditions. The same can be concluded from the two sphere model. In Fig. 3 we observe oscillations at high frequencies. This is due to reflection of sound waves between the boundaries of finitely separated spheres. The amplitudes of these trapped waves become smaller as the separation between the spheres grows. Thus, the two sphere model also fails to correctly describe high frequency behavior for large bondlengths.
IV. CONCLUSION
Linearized hydrodynamic theory has been used to study rotational line shapes, dynamics of polymers and atomic diffusion with fair degree of success, which motivated us to use this simple theory to do the calculation of the dynamic friction on the bond of a diatomic molecule. There already exists an attempt to compute this function using molecular hydrodynamics based on the free draining limit. 16 Berne and co-workers [13] [14] [15] have shown from molecular dynamics that the free draining limit is not valid for the treatment of diatomic molecules. They showed that the friction coefficient depends on bondlength. The purpose of this paper is to calculate the dynamic friction on the bond using more accurate boundary conditions. We have treated the hydrodynamic interaction between parts of the molecule using two different sets of boundary conditions:-a two sphere model and a deformed sphere model. Both of these models give dynamic friction coefficients that depend on bondlength. The static friction on the bond ͑→0͒ can be calculated within reasonable approximations using these models. However, at high frequencies ͑at short times͒ the linearized hydrodynamic theory departs from the computer results because of the unphysical nature of the hydrodynamic boundary conditions. The two sphere model shows unphysical oscillations at finite frequencies, because the viscoelastic continuum penetrates the region between the two spheres. The deformed sphere model, however, does not show such undulations, because the continuum fluid cannot penetrate the diatomic molecule. Consequently, the deformed sphere model gives a qualitatively correct picture at all frequencies only after a correction ͓c.f. Eq. ͑90͔͒ is made for the unphysical infinite frequency limit found in any hydrodynamic model. The Gaussian model for viscoelasticity is needed to correctly reproduce the friction calculated for a single atom at all frequencies. When this is done, the deformed sphere model predicts a dynamic friction on the bond in reasonable agreement with molecular dynamics.
The perturbation method for calculating the velocity vector used in the paper can easily be generalized to more complicated geometries to study low frequency, long wavelength molecular phenomena such as rotational dynamics or dynamics in polymers.
APPENDIX: TRANSLATIONAL PROPERTIES OF SPHERICAL VECTOR-WAVE FUNCTIONS
The translational properties of scalar and vector wave functions can be derived from the expansion formula for plane waves in spherical coordinates. 24, 25 We report here the results with some details of derivation. The expansion formula for the plane wave in spherical wave about origin O ͑see 
